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Phase synchronization in coupled nonidentical excitable systems
and array-enhanced coherence resonance
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We study the dynamics of a lattice of coupled nonidentical Fitz Hugh-Nagumo system subject to indepen-
dent external noise. It is shown that these stochastic oscillators can lead to global synchronization behavior
without an external signalWith the increase of the noise intensity, the system exhibits coherence resonance
behavior. Coupling can enhance greatly the noise-induced coherence in the system.

PACS numbds): 05.40—a, 05.45-a

The study of coupled oscillators is one of the fundamental ) x3
problems with applications in various fielfi]. Mutual syn- EXi=X;— 3 =¥+ g(X 1+ X 1—2X%), (&N
chronization of the oscillators is of great interest and impor-
tance among the collective dynamics of the coupled oscilla- .
tors. The notation of synchronization has been extended to yi=Xxi+ai+Dég(t), (2
include a variety of phenomena in the context of interacting ) ) )
chaotic oscillators, such as complete synchronizafigh ~ Wherea; is a parameter of thigh element. For a single FHN
generalized synchronizatid8], phase synchronizatigw,5] ~ model, if [a|>1, the system has only a stable fixed point,
and lag synchronizatiofg]. Also, synchronization phenom- While |a| <1 a limit cycle. The system with fixed point dy-
enon has been studied in stochastic systems. Stochastic re§gmics (a| slightly larger than oneis excitable because it
nance can be understood from the viewpoint of frequencyVill return to the fixed point only after a large excursion
locking and phase synchronization of the noise-induced mot ‘near limit cycle”) when perturbed away from the fixed
tion to the external signdl7]. Due to this synchronization, POint. To make the study more general, we suppmss not
stochastic bistable elements subject toshmeperiodic sig-  the same for the elements, but has a uniform distribution
nal, when appropriately coupled, can display global synchro< (1,1.1). This implementation of the model is physically
nization to the external periodic signal. This synchronizatiorsignificant because many physical systems are diffusively
has the effect of enhancing the stochastic resonance in tHf@upled, and nonidentity is more natural in physical situa-
array/[8]. tions. With nonidenticala;, the uncoupled elements will

Noise-induced coherent motion has been a topic of gredtave a different response to the same level of ngj¢g),
interest recently. For a system at a saddle-node bifurcatiof-g-, different average firing frequency. The Gaussian noise
point, an optimal amount of noise can induce the most cois uncorrelated in different elements, i.e&;(t)&(t"))

herent motion in the systerf@]. More generally, noise- :5ij5(t_.t/)- A periodic boundary COljdition is er_nplpyed in
induced coherent motion has been demonstrated in a variegur studies. The parameter of the time scale is fixed at
of excitable systemfl0—12 and systems with delaj13].  =0.01.

Although described by different terms such as stochastic To characterize synchronization behavior in the lattice of
resonance without external periodic force, autonomous stgionidentical excitable systems, we introduce the phase of the
chastic resonance or coherence resonance, a common featetementd 7]

of this type of system is the increased coherence of the mo-

tion and resonantlike behavior of the coherence induced bi(1)=2 t—7y 4ok 3)
purely by noise without an external signan interesting e = T

guestion about this type of system is how these stochastic

elements behave when coupled. Do the elements that awherer, is the time of thekth firing of the element defined
subjected to independent noise display synchronization? Can simulations by threshold crossing ®f(t) atx=1.0. The

the synchronization enhance the coherence in the system mquantity

tion? A recent study demonstrated noise-induced global os-

cillation and resonant behavior in a subexcitable m&tia. L Pi— b
In Ref. [15], it is shown thattwo interacting coherence os- Si=5|”2(T)
cillators can be synchronized. However, whether the coher-

ence of the motion has been enhanced by the interactiogeasures the phase synchronization effect of neighboring el-

4

between the elements is not clear. , . ementg5]. A spatiotemporal average &f, i.e.,
We address these problems in this Rapid Communication
by the followingN couplednonidenticalFitz Hugh-Nagumo 1 1 N
(FHN) neurons, a simple but representative model of excit- S= |lim _f (_ E s, | dt, (5)
able system and nerve puldd€], 1T Jo \N =1
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level D, reaches a maximum, then decreases again, showing
the typical resonant behavigvithout an external signal. In
general, for a stronger coupling, a higher level of noise is
needed to excite the system. Similarly, for a fixed noise level
D, Rincreases with increasing until it reaches an optimal
value; after that, it decreases again.

From Fig. 1, one can observe several dynamical regimes
in the systems. For very weak coupling< 10~ 2), the firing
of the elements are essentially independent, because a noise-
induced firing of an element cannot excite its neighboring
lattices. Due to the independent firing, the phase difference
has a uniform random distribution on (072, resulting S
~0.5. In this region, with the increase &, the temporal
behavior of the system display coherence resonance similar
to that observed in a single element. The enhancement of the
coherence by the noise is not very pronounced. A maximal
R~4.5 is found around~10!. A typical spatiotemporal
pattern ofx; ands; for weakly coupled elements subject to
relatively weak noise is shown in Fig(&. Both the spatial
and temporal behaviors are quite irregular. Each element has
its individual average firing frequency due to the nonidentity
(smaller frequency for larges;).

With the increase of the coupling strength, the system
becomes sensitive to weak noise because the firing events
ﬁgduced by noise now become the source of excitation of the
néighboring elements. This mutual excitation enhances the
coherence of the motion in the coupled system, as indicated
To measure the temporal coherence of the noise-induce%y IncreasingR a_md _decreasm@ The lattice dlsplays_ clus-_

ters of synchronization. The clusters break and reunite during

mo_tlon, we examine the distribution of t_he pulse gluratlonthe evolution, so that each element has slightly different fir-
T=7w+1— Tk. FoOr a single element subject to noise, the.

distribution P(T) has a peak at a certain valueBf and an ing frequency. Typical behavior of this partial synchroniza-

. . tion regime is shown in Fig. (®). However, if the external
exponential tail at large valu¢40]. A measure of the sharp- o : .
SR noise is strong enough so that the noise dominates over the
ness of the distribution, for example,

coupling, firing of each element is governed mainly by its
_ NarT individual noise, and synchronization clusters cannot sur-
R=(Tip/\Var(Ty), ® vive, as seen in Fig. (). The coherence of the temporal
which can be viewed as signal-to-noise ratio, provides afpehavior is relatively_low because quite I_a_rge noise defo_rms
indication of the coherence of the firing event. Biologically, 9r€atly the “near limit” cycle. Note that firing frequency is
this quantity is of importance because it is related to thd'0t locked, but the difference is not as pronounced as in
timing precision of the information processing in neural sys-WVeak noise regiofFig. 2@)]. The next regime wherR takes
tems[16]. For a single element, it has been shown tRat large values R~18) while Siis very close to zero, is the
possesses an optimal value at a certain level of ndieg most interesting, becaus_e th_e system performs quite regular
Here we adopt the same measure of coherence, with the diglotion globally, as seen in Fig(®. All elements are locked
tribution P(T) constructed by pulse duration of all thé to a relatively large firing frequency, and the distribution of

FIG. 1. Signal-to-noise rati® (a) and degree of phase synchro-
nization S (b) in the parameter spacéog;¢(g),log;o(D)) of a
coupled lattice of nonidentical FHN neurons with=100.

gives a measure of the degree of phase synchronization in t
coupled system. For completely unsynchronized motton
~0.5, while for globally synchronized syste&s=0.

elements during a long enough period of time. the pulse duration becomes very sharp. After that, with stron-
Typical behaviors observed in numerical simulations of9€' coupling, the system keeps global synchronization, how-
the system are in the following: ever, the temporal behavior becomes irregular again, as in-

(i) Without external noise, each element comes to a fixedlicated by decreasirig 'This can be understood qqalitatively
point state and no firing takes place. The fixed points ardom the global dynamicX = (x;)y andY=(Y;)y, with ( )y
slightly different due to the nonidentity. denoting average over the lattice. From Eds.and(2), we

(il) When strong enough noise is added to the originallydet approximately
guiescent system, the system is excited. The firing process of 3
the elements may be in phase synchronization if the coupling o X 2
. eX=X———rX-Y, (7)
is strong enough. 3

(iii) The coherence of the temporal and spatial pattern of
the firing process is greatly enhanced in a region of noise and D
coupling strength. Y=X+ag+ —&(t), (8)

The main features of the system are illustrated in Fig. 1, VN
where the results ofR and S in the parameter space
(log;(g),log;(D)) are shown for a lattice oN=100 ele- wherer?={(x;—X)?)y is the fluctuation level of local dy-
ments. For a fixed coupling, R increases first with the noise namics and higher order terms of this fluctuation are ignored;
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FIG. 2. Five typical dynamical regimes in the parameter space. The upper panels show the spatiotemporal stxyetnuas;ofThe time
step is 0.2. The lower panels show the average firing frequency of the lattice and the distribution of the pulse duration. The location of these
representative dynamical behaviors are shown by black dots in the parameters space in Fig. 1. The parafaetprs0ad@5D = 0.02;(b)
g=0.03D=0.025;(c) g=0.02D=0.25;(d) g=0.25Pp =0.07; and(e) g=1.0D =0.04.

ap=(a;)n. The summation of the independent noise is stilla Now let us discuss the phenomenonasfay enhanced
Gaussian noisé(t), but with a weaker strength//N. For  coherence resonanc€or a fixed size of lattice and a certain
strong enough coupling, the system achieves global synchraalue of couplingg, there is an optimal level of noise at
nization, x;~X, andr2~0, and the coupled system can be which the system has a maximal valeg,,. Figure 3 shows
viewed as asingle element subject to a white noise with R, as a function ofj for different sizes of the lattice. The
strengthD/+/N. For a single element, a rather weak noisedashed line represenfR;,, for a single element witha
may not excite the system, or the excited motion is quite=1.05. As seen from this figure, in the weak coupling re-
irregular [10]. This explains the globally synchronized but gion, R, of the coupled lattice is lower than that of a single
irregular motion of the lattice, as shown in FigeR element, because the nonidentity makes the distribution of
The locations of the above five representative dynamicaihe pulse duration broader. However, in some intermediate
regimes shown in Fig. 2 have been indicated by the blaclcoupling region, even onlywo coupled elements can en-
dots in Fig. 1. These regimes are typical for different sizes ohance the coherence of the temporal behavior, even though
the lattice. For a larger lattice, the regime of global regularthey are nonidentical. The enhancement is larger for larger
motion (R large andS~0) is wider in the parameter space. N. For large enough latticdR,,., Seems to be saturated, but
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20 —_— T the same periodic signdB]. The difference is that in Refs.
b E:; 4;?323322‘*““““1 1 [8] and[14], global synchronization is observed only at an
15 | == N=5 A %_% - optimal level of noise, while in the present system, global
| +-+ N=10 *o " ‘%‘Q ] synchronization occurs for strong enough coupling if the
510 Lo ?',Z?So e S R noise level is not too high. The global motion can be regular
el I xr N *‘*)* ] or irregular. Here we should emphasize that there is no pe-
5 na ‘ig._ii‘_wf%@%:;;&;;m | riodic signal inlour system, and the cohergnt motiopusely
induced by noise and enhanced by coupling
To conclude, we demonstrate global synchronization and
O s T o o 1 array enhanced coherence in a lattice of locally coupled, non-

log,(9) identical FHN model neurons and the nonidentity dempn_-
strates robustness of the phenomena. The results are similar
FIG. 3. lllustration of an array-enhanced coherence resonancéor identical neurons. Interaction between the elements not
The maximal value oR is plotted as a function of for various  only renders synchronization of the firing process induced by
sizes of the lattice. independent noise, but also improves the coherence of the
noise-induced motion greatly. The phenomena demonstrated
the region of coupling in whiclR,,, takes large values is May be of importance in neurophysiology, where back-
broader for larger lattice. As pointed above, for strongdround noise may play an active role to increase the order
enough coupling, the coupled system tends to act as a sing®d timing precision of a large ensemble of interacting neu-
element, andR,,,, converges to that of the single element atrons in biological information processing.
large value ofg. Clearly, for a larger lattice, stronger cou-
pling is needed to make the whole lattice act as a singl%
element due to the local diffusive coupling, resulting in a
slower convergence d®,,, to that of the single element.
The properties observed here have some similarity to th
in coupled bistable stochastic resonance oscillstolgect to
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